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Abstract Although a one-dimensional catenary arch subjected to its self-weight is simply compressed and
bending-moment-free, when this arch is three-dimensional and has a constant rectangular cross-section of
finite dimensions, the centroids of its voussoirs are displaced towards the extrados. This displacement prevents
the arch from being geometrically compatible with a bending-moment-free state, a contradiction known as
the catenary arch bending-moment-free paradox [1]. Firstly, this paper demonstrates that this paradox is not
exclusive to rectangular cross-sections, but extends to any trapezoidal cross-section, ruling out any continuous
solution to the centroid eccentricity problem. This impossibility result motivates a discrete approach to solve
a geometrical problem: find the voussoir geometry such that the eccentricity between the centroidal axis and
the catenary curve is zero for all voussoirs, subject to the constraint of uniform volume distribution along the
catenary axis. The proposed method is based on the discretisation of a catenary curve into small segments of
equal length, such that both the volumetric centroids of the voussoirs and the centroids of the normal sections
are located on the catenary curve. Three alternative designs for the voussoir shape are developed and analysed.
The method is founded on a closed-form analytical geometric formulation, and the accuracy of the solution
increases with the number of voussoirs. Furthermore, a closed-form expression for the minimum number
of voussoirs required to achieve a prescribed accuracy is derived. The outcomes obtained from the design
of various arches reveal the geometric and structural properties of the resulting forms. The proposed design
has been verified by graphic statics, confirming that the resulting arches are geometrically compatible with
a bending-moment-free state. The described method could be part of an integrated process of designing and
manufacturing voussoirs using 3D printing for more efficient arches and vaulted structures.

1 Introduction

1.1 Catenary as the perfect arch

According to the principle of inversion formulated by Robert Hooke in 1675 [2], a catenary arch should be
simply compressed and bending-moment-free, just as its inverse form, a hanging chain, is simply tensioned
and bending-moment-free. A chain can be regarded as a one-dimensional element because the dimensions
of its cross-section can be neglected, being negligible compared to its length. Consequently, a hanging chain
forms a curved axis along which its self-weight is evenly distributed. This curved axis is a simply tensioned
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funicular polygon comprising infinitesimally small segments, and the shape of this curved axis is referred
to as a catenary curve. The mathematical description of this curve was formulated in 1691 by Gottfried W.
Leibniz [3], Christiaan Huygens [4] and Johan Bernoulli [5] as a solution to the problem posed by the latter’s
brother Jakob Bernoulli [6]. Subsequently, in 1697, David Gregory affirmed that, in addition to the catenary
curve representing the most perfect form of a one-dimensional arch (i.e., an arch of infinitesimal thickness),
any stable three-dimensional arch (i.e., an arch of finite thickness), regardless of its shape, must be capable of
inscribing a catenary curve within itself [7]. In 1717, James Stirling formulated a method for the arrangement
of spheres along an axis with the shape of an inverted chain [8]. In 1748, Giovanni Poleni used chains with
spheres of several diameters, equivalent to the self-weight distribution in his analysis of the St. Peter’s dome
in Rome [9]. Both authors proposed a solution to the problem of the catenary arch by means of a discrete
approximation based on the equilibrium of “spherical voussoirs”. This is known as Stirling-Poleni’s model.
All of these discoveries initiated a revolution in the understanding of arch mechanics.

1.2 The shape of the thrust line and the problem of inversion: from one-dimensional arch
to three-dimensional arch

Since David Gregory’s statement [7], the equivalence between the catenary curve and the shape of the thrust
line for any arch shape was historically assumed [10, 11], but, recently, this statement has been demonstrated
to be not completely true for any arch shape [12–14]. Only if the centroidal axis of the arch is a catenary curve,
can the shape of a thrust line coincide with a catenary curve [15]. In addition, if the finite dimensions of the
cross-section are neglected, many authors consider that the catenary arch is simply compressed and free of
bending moments [16–18].

Catenary arches are commonly defined by a catenary curve from which the extrados and the intrados are
equidistant. Thus, the catenary curve and the mid-axis line are coincident. However, approximately a century
after the formulation of the inversion principle, Leonardo Salimbeni demonstrated the disparity between the
mid-axis line of a catenary arch of finite thickness, characterised by equidistant extrados and intrados, and the
axis joining the centroids of the arch’s voussoirs [19]. Centuries later,MilutinMilanković revisited this problem
to formulate his theory about the thrust line in arches [20]. Milanković devised a mathematical apparatus he
termed the infinitesimal voussoir [21]. It can be defined as the volumetric region of arch between two normal
sections which are so close that the value of the angle between them is confounded with the value of the
sine of the same angle. The centroid of this voussoir is not located at a point equidistant from the extrados
and the intrados, but is instead displaced slightly towards the extrados. This displacement η is contingent on
the curvature 1/R of the arch, according to Eq. (1). It is evident that as the curvature of the arch increases,
the displacement of the centroid of the infinitesimal voussoir towards the extrados of the arch also increases.
The geometric location of the centroids of the infinitesimal voussoirs is termed the centroidal axis of the
three-dimensional arch, i.e., the centroidal axis of the catenary arch of finite thickness.

η � t2

12R
(1)

Recent studies [1, 22–24] have revisited this problem, utilising the concept of the infinitesimal voussoir
to demonstrate that the centroidal axis of a three-dimensional catenary arch formed by the extrusion of a
rectangular section along a catenary curve does not coincide with the catenary curve itself. Instead, it is found
to be displaced towards the extrados of the arch. This displacement is at its maximum at the keystone of the
arch, where the curvature is also maximum, and decreases progressively as we move away from this point.
Consequently, as evidenced by the works of Nikolić [1, 22], this discrepancy hinders the capacity of a catenary
arch of rectangular section to be completely free of bending moments. This is due to the inability to locate a
thrust line passing through the centroids of all the arch’s normal sections, where each centroid is situated at
the centroid of each section. This issue has been termed by Nikolić "the catenary arch bending-moment-free
paradox" [1] and highlights the complexity of equating, through inversion, the mechanical behaviour of a one-
dimensional element (i.e., an element of infinitesimal thickness, such as a hanging chain) to the behaviour of a
three-dimensional element (such as a catenary arch, which is defined by the non-infinitesimal dimensions of its
normal cross-section), despite both elements having the same longitudinal shape. This is further substantiated
by the findings of Alexakis and Makris [25].

AsNikolić demonstrated, taking into account all possible thrust lines inscribed in a catenary arch of constant
thickness, there is one that passes through the centroids of all of the voussoirs. This is the thrust line closest to
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the catenary curve, which joins the centroids of the normal sections, rather than coinciding with the mid-axis
line. Then, the eccentricity of the voussoir’s centroids with respect to the catenary curve is equal to the distance
of the closest thrust line and the catenary curve passing through the centroids of the normal cross-sections
[1]. This can also be demonstrated by using graphic statics, as shown in subSect. 2.3 of this article. This
impossibility of achieving a bending-moment-free state in a continuous sense for a catenary arch of finite
thickness with constant rectangular cross-section motivates the search for an alternative design approach.

1.3 Conditions for the design of a three-dimensional catenary arch geometrically compatible
with a bending-moment-free state

This paper presents a discrete method to solve this paradox, formulated as a geometric problem subject to two
conditions: (1) the volume of all voussoirs remains constant, and (2) the eccentricity between the centroidal axis
and the catenary curve is zero for all voussoirs. To this end, a three-dimensional catenary arch is designedwhose
volume is uniformly distributed along a catenary axis containing both the centroids of the voussoirs and the
centroids of the arch’s normal cross-sections. The first condition is intrinsic to the definition of a catenary arch,
which supports only its self-weight uniformly distributed along its length. Both conditions imply the existence
of a thrust line coinciding with the shape of the catenary curve. The absence of eccentricity between this thrust
line and the centroid of any of the arch’s normal cross-sections makes the arch geometrically compatible with a
bending-moment-free state. The accuracy of the solution increases with the number of voussoirs n. This issue
is addressed at the end of Sect. 3.

1.4 Theoretical framework and objective

The method described in this paper is carried out within a geometric framework in which voussoirs are
considered rigid blocks, joints are assumed to have no tensile strength and the stress flow is conducted through
the contact faces between voussoirs, in analogy with the Stirling-Poleni model of spherical voussoirs [8, 9],
and structural stability is evaluated based on the position of the thrust line with respect to the axis and the limits
of the arch [26–31]. This framework remains the most widely accepted approach for the analysis and design of
voussoir arches [12–14, 22–25], and is currently fully relevant thanks to the development of computational tools
[32–34], many of which are rooted in graphic statics given its ability to simultaneously determine funicular
forms corresponding to thrust lines and quantify the forces they represent [35–38].

Taking into account this framework, the objective of the proposedmethod is to find a design of the voussoirs
of the catenary arch geometrically compatible with the existence of a thrust line passing through the centroids
of the normal cross-sections, describing a catenary curve and thus geometrically compatible with a bending-
moment-free state. According to the safe theorem formulated by Kooharian [26] and Heyman [27, 28], the
existence of a thrust line contained within the profile of the arch is a sufficient condition to guarantee its
stability, without the need to know the real stress state. The geometrical factor of safety, defined as the ratio
between the real thickness of the arch and the minimum thickness capable of containing a single thrust line,
tends to infinity for any catenary arch under self-weight [27, 28], since the eccentricity η decreases with the
arch thickness [1, 22], making this factor impractical for comparing different catenary arch designs. Tempesta
and Galassi [39–41] addressed this limitation through a performance factor k � (t − 2η)

/
t , with 0 ≤ k ≤ 1,

which reaches its maximum value k � 1 only when η � 0, corresponding to the widest possible domain of
admissible thrust lines and therefore to the greatest safety margin against any additional load. In the present
paper, graphic statics has been used to verify the existence of such a thrust line in the designs obtained by
the proposed method, as it constitutes a rigorous and widely used verification tool, fully consistent with the
geometric and discrete approach of this work and with the discrete nature of voussoir arches [35, 36].

2 Method

2.1 Definition of the catenary curve describing the arch’s axis

Let there be a catenary curve contained in a vertical plane XZ, for which a system of variable Cartesian
coordinates (x, y, z) have been considered in the three-dimensional affine space. The catenary curve under
consideration has a maximum height H and a span L, both of which are known (cf. Fig. 2a). The ends of the
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Fig. 1 Variation of the ratio a
/

L of the catenary curve as a function of the arch’s H
/

L ratio

curve are located on the X-coordinate axis, while its vertex is situated on the Z-coordinate axis. The catenary
curve is defined by Eq. (2). If the coordinates of the three known points (-L/2,0), (0,H) and (L/2,0), expressed
in Cartesian coordinates (x, z), are substituted in Eq. (2), Eqs. (3) and (4) can be derived. Therefore, a system
of two equations, (2) and (3), and two unknowns (a and c) is obtained. The Newton–Raphson iterative method
is then applied to Eq. (4) to solve the system.

z � γ (x) � a cosh
x

a
+ c (2)

c � H − a (3)

a cosh

(
L

2a

)
+ H − a � 0 (4)

Figure 1 shows the variation of the ratio a
/

L of the catenary curve as a function of the arch’s H
/

L ratio.
The ratios a

/
L were obtained by means of the procedure described in the previous paragraph. This graphic

provides an easy way to know the parameters of the catenary curves for arches with 0.1 ≤ H
/

L ≤ 4.0.

2.2 Defining the shape of the voussoirs in the plane of the arch

The length s of the catenary curve, measured from the vertex in the positive direction of the x-coordinate, is
defined by Eq. (5), and the radius of curvature R of this curve, as a function of this parameter s, is determined
by Eq. (6).

s(x) � a sinh
x

a
(5)

R(s) � s2 + a2

|a| (6)

Knowing this, the catenary curve is discretised into n equal segments of length ε such that n >> 1. This
expression signifies that the number n should be sufficiently large, and consequently a length ε should be
sufficiently small, so that discretisation inaccuracies are negligible compared to the desired final accuracy.
This issue is addressed at the end of Sect. 3.

Next, for each curve segment, each voussoir is modelled as an isosceles trapezium of height t in the plane
of the arch, where t is uniform across all the voussoirs (see Fig. 2b). This approximation of the voussoir’s shape
to an isosceles trapezium has antecedents in the work of Milanković [20], and Nikolić [1, 22] and Tempesta
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Fig. 2 Parameters for defining the shape of the arch (a); parameters for defining the shape of the voussoirs in the plane of the
arch (b)

and Galassi [39]. The lengths of the bases of the trapezium forming each voussoir are designated Ei and Ii (i-th
voussoir). These bases are situated on the extrados and intrados of the arch, respectively. It is assumed that the
arch’s mid-axis line (illustrated in blue in Fig. 2a, b), the points of which are equidistant from the extrados and
the intrados) coincides with the catenary curve. The values of Ei and Ii are then determined by Eqs. (7) and
(8), respectively,

Ei � ε
(
Ri + t

2

)

Ri
(7)

Ii � ε
(
Ri − t

2

)

Ri
(8)

where Ri denotes the radius of curvature of the catenary curve at the midpoint of each segment of length ε,
calculated in accordance with Eq. (6).

2.3 The issue of the eccentricity of the voussoirs’ centroids

If the trapezium is extruded to create a width b (which is constant along the entire length of the arch) in
a direction perpendicular to the plane of the catenary curve, a straight trapezoidal prism is obtained whose
volume is approximately equal to the volume of the real voussoir of the catenary archwith a constant rectangular
normal cross-section. This prism has height t and width b. Clearly, the larger the value of n and, consequently,
the smaller the value of ε, the better the approximation will be.

The eccentricity η of the centroid of the trapezoidal voussoir with respect to the centroid of the normal
cross-section, as illustrated in Fig. 2b, is expressed in Eq. (9). If in Eq. (9) we substitute E and I with the
expressions from Eqs. (6) and (7), the result is Eq. (1) derived by Milanković [1, 20, 22].

ηi � t

2
− t(2Ii + Ei )

3(Ii + Ei )
(9)

This non-zero eccentricity η implies a disparity between the axis joining the centroids of the voussoirs and
the axis joining the centroids of the arch’s normal cross-sections (mid-axis line). As explained in sub-Sect. 1.2,
the axis joining the centroids of the voussoirs coincides with the thrust line closest to the mid-axis line [1]. This
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Fig. 3 Semi-catenary arch of constant thickness. In blue colour is represented the mid-axis line coinciding with the catenary, and
in red colour the axis joining the real centroids of the voussoirs. If the volumetric centroids were erroneously assumed to coincide
with the catenary, FV would act at x; in reality [1, 22], FV acts at x’ >x, generating the bending moments shown on the left

can be demonstrated by using graphic statics, as shown in Fig. 3. If the volumetric centroids of the voussoirs
are erroneously assumed to coincide with the catenary, the vertical component FV of the resultant force at
the springing would act at a horizontal distance x from the keystone, the thrust line would coincide with the
mid-axis line, and the arch would be geometrically compatible with a bending-moment-free state. However,
in reality [1, 22], the volumetric centroids are displaced towards the extrados, so that FV acts at x’ >x. If the
resultant forces FR and FH , at the base and the keystone respectively, are aligned with the ends of the axis
joining the real centroids of the voussoirs, the resulting funicular polygon (in red in Fig. 3), i.e., the thrust line
closest to the mid-axis line coincides with the axis joining the real centroids of the voussoirs. The eccentricity
η of this thrust line with respect to the mid-axis line causes a bending moment. The variation of this bending
moment depends on the variation of the eccentricity and the axial force. The values of the bending moment in
the diagram have been exaggerated to better appreciate them in the figure. Note that the axial force increases
from the keystone to the base of the arch, while the eccentricity increases from the base to the keystone. As a
result of these variations, the bending moments decrease slightly from the keystone to the base.

Figure 4 shows the elevation of six arches considering three catenary curves and two different arch thick-
nesses t. It is evident from the figure that the centroidal axis (in red) is displaced above the catenary curve (in
blue) towards the extrados of the arch. This displacement, or eccentricity η, is maximum in the keystone of
all arches and decreases progressively as the voussoirs are closer to the arch’s springing, although it does not
reach zero. Furthermore, it is evident that the magnitude of η increases with the ratio H

/
L of the arch and

with the value of t.
To further elucidate the disparity between the centroids of the voussoirs and the catenary curve, Fig. 5a

provides a visual representation of the performance factor k � (t − 2η)
/

t [39–41] as a function of the ratio
H

/
L , for six different slendernesses λ � L

/
t of the arch’s cross-section. In addition, Fig. 5b shows the

variation of the ratio between the normal stress σM due to the bending moment and the normal stress σN due
to the axial force in the keystone, depending on the ratio H

/
L and the slendernesses λ � L

/
t of each arch.

It should be noted that this ratio does not represent the real stress state of the arch, but rather the stress state
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Fig. 4 Elevation of six arches with a constant rectangular normal cross-section, considering three catenary curves and two arch
thicknesses t. The blue colour indicates the catenary curve where the centroids of the normal cross-sections are located, while
the red colour represents the axis joining the centroids of the voussoirs

corresponding to the optimal equilibrium condition, i.e., that of the thrust line closest to the mid-axis line. This
ratio is computed here for comparison purposes, as it will be used in Sect. 3 to demonstrate that, in catenary
arches geometrically compatible with a bending-moment-free state, the increase in normal stress due to the
weight of the additional prisms is smaller than the increase due to the bending moment in the optimal state of
a conventional catenary arch.

It is evident from the graphs in Fig. 5 that the performance factor k and the normal stress σM approach
their limit values, k → 1 and σM → 0, as the ratio H

/
L approaches zero; i.e., when the arch is so flat that

its curvature is zero. Furthermore, it is observed that the greater the slenderness λ, the smaller normal stress
σM and the closer k is to 1, but the more gradual the k variation as a function of the arch’s H

/
L ratio. This

indicates that the deviation of k from 1 and the normal stress σM due to the bending moment of an arch with
ratio H

/
L � 4 and slenderness λ � 8 are almost five times greater than that of an arch with the same ratio

and slenderness λ � 40.

2.4 On the impossibility of a continuous solution to the centroid eccentricity problem in voussoirs
with the variation of trapezoidal cross-sections

Given a two-dimensional trapezoidal voussoir as shown in Fig. 2b, of height t, and bases E and I, located at the
extrados and intrados of the arch respectively, Eq. (10) is used to calculate the width l(z) of the trapezoid at
height z, with z � 0 ÷ t , where z is the coordinate measured from the extrados in the perpendicular direction
towards the intrados

l(z) � E − (E − I )

t
z (10)

In general terms, for a three-dimensional voussoir we can define η � dE , S − dE , V , where dE,S is the
distance between the extrados and the centroid of the normal cross-section of the voussoir, and dE,V is the
distance between the extrados and the centroid of the volume of the voussoir. This expression is developed in
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Fig. 5 Variation of the performance factor k � (t − 2η)
/

t (a) and of the ratio σM
/

σN (b), both as a function of the arch’s H
/

L
ratio, for six distinct slendernesses λ � L

/
t

Eq. (11), in which b(z) is the function defining the width of the normal cross-section. Note that Eq. (11) is a
generalisation of Eq. (8) for any function b(z) ≥ 0.

η �

t∫

0
z · b(z)dz

t∫

0
b(z)dz

−

t∫

0
z · b(z) · l(z)dz

t∫

0
b(z) · l(z)dz

(11)

By extruding the trapezoidal shape of the two-dimensional voussoir of Fig. 2b by a width b in the direction
perpendicular to the plane of the trapezoid, a three-dimensional voussoir is obtainedwhose normal cross-section
is the rectangle b x t. Given that b(z) � A

/
t , the distance η between the centroid of the three-dimensional

voussoir and the centroid of the rectangular normal section is identical to the distance η that would be obtained
in the two-dimensional voussoir, η can be calculated by means of Eq. (1), formulated by Milanković [20].

Now, instead of b(z) � b, let us consider a second, slightly more complex three-dimensional voussoir, in
which b(z) � mz + n with the restriction b(z) ≥ 0 and with z � 0 ÷ t . The normal section of this second
voussoir would no longer be a rectangle, but an isosceles trapezoid of height t and variable width b(z) � mz+n,
in which we will maintain the condition that b

(
t
/
2
) � A

/
t so that the area of this new normal section is

identical to the area of the normal section of the three-dimensional voussoir with a rectangular normal section.
We aim to demonstrate that, just as in a voussoir with a rectangular normal section, in a voussoir with a
trapezoidal normal cross-section η > 0. All of these parameters are represented in Fig. 6.

The denominator of the first term of Eq. (11) is the area A of the normal section, that is A � tε, and the
denominator of the second term is the volume V of the three-dimensional voussoir, that is V � tεb, where
ε � E+I

2 Therefore, in Eq. (11) all these terms are substituted in the denominators, and additionally l(z) is
substituted by the expression of Eq. (10) and b(z) by the expression mz + n. This yields Eq. (12).

t∫

o
z(mz + n)dz

A
−

t∫

o
z(mz + n)

(
E − (E−I )

t z
)
dz

A(E+I )
2

> 0 (12)
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Fig. 6 On the left: geometrical parameters of the bi-dimensional voussoir. On the right: geometrical parameters of the normal
cross-section considering a family of trapezoidal shapes according to b(z) � mz + n, with −2A

/
t2 ≤ m ≤ 2A

/
t
2 and

0 ≤ n ≤ 2A
/

t

SinceA is always positive, it can be eliminated from both denominators and the expression can be simplified
in Eq. (13). To demonstrate that η � dE , S − dE , V > 0, it is sufficient to demonstrate that the inequality of
Eq. (13) holds.

t∫

o

z(mz + n)dz − 2

E + I

t∫

o

z(mz + n)

(
E − E − I

t
z

)
dz > 0 (13)

By expanding the second term of Eq. (13), Eq. (14) is obtained.

E − I

E + I

⎛

⎝2

t

t∫

o

z2(mz + n)dz −
t∫

o

z(mz + n)dz

⎞

⎠ > 0 (14)

According to the geometric constraints of the voussoir, the term outside the parenthesis is always greater
than 0, given that E > I > 0. Therefore, it is sufficient to demonstrate that the expression inside the parenthesis
is positive, which leads to Eq. (15).

t∫

0

(
2mz3

t
+
2nz2

t
− mz2 − nz

)
dz > 0 (15)

The integral is then resolved term by term, yielding the expression of Eq. (16).

2mt3

4
+
2nt2

3
− mt3

3
− nt2

2
> 0 (16)

Finally, the inequality is simplified in the expression of Eq. (17). Again, the geometric constraints of the
voussoir are considered, namely, t > 0, and b(z) � mz +n ≥ 0, with the exceptions of b(z) � 2A

t2
z and b(z) �

− 2A
t2

z + 2A
t . Therefore, for z � t , b(t) � mt +n > 0. Thus, the inequality is demonstrated, and consequently it

is also demonstrated that in any voussoir with a trapezoidal normal cross-section η � dE , S − dE , V > 0. This
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Fig. 7 Three-dimensional representation of the trapezoidal voussoir with the additional prisms on its lateral faces

in turn rules out the possibility of a continuous solution to the centroid eccentricity problem using trapezoidal
voussoirs.

t2

6
(mt + n) > 0 (17)

In the cases of b(z) � 2A
t2

z and b(z) � − 2A
t2

z + 2A
t , the family of trapezoidal cross-sections extends to

include triangular cross-sections, corresponding to the limit cases m � ±2A
/

t . In these limit cases, we can
calculate η by developing Eq. (10), that is, η � t2

/
(3(6R + t)) and η � t2

/
(3(6R − t)) respectively, which

remains strictly positive, thus confirming that the impossibility of a continuous solution extends to triangular
cross-sections as well. All of this motivates the search for discrete solutions, which are presented in Sect. 2.5.

2.5 Discrete solutions to the centroid eccentricity problem

2.5.1 Through additional prisms of variable dimensions affixed to the lateral faces of the voussoirs

Taking into account a normal rectangular cross-section, to position the centroids of the voussoirs on the catenary
curve, it is necessary to move them towards the intrados of the arch, but without altering the position of the
centroids of the normal sections. To achieve this, a volume is added to each voussoir in such a way that the
shape of the delimiting normal sections is not altered. This additional volume is constituted by two right prisms,
attached to the lateral faces of the voussoir. The base of each prism is a triangle coplanar with the intrados face
of the voussoir. This triangular base is defined by pi and Ii, and its height is defined by qi, for each ith voussoir,
as illustrated in Fig. 7.

The volume Vi of the new voussoir is defined by Eq. (18). The eccentricity ηi of the voussoir’s centroid
with respect to the axis joining the centroids of the delimiting normal sections is defined by Eq. (19).

Vi � Ei + Ii

2
tb + Ii pi qi (18)

ηi �
Ei+Ii
2 tb

(
t − t(2Ii+Ei )

3(Ii+Ei )

)
+ Ii pi qi

qi
2

Ei+Ii
2 tb + Ii pi qi

− t

2
(19)

If ηi � 0, both the centroidal axis and the axis joining the centroids of the normal sections coincide with
the catenary curve, which defines the mid-axis line of the arch. Consequently, both axes coincide with the
catenary curve which is located on the mid-axis line of the arch. Thus, a system of Eqs. (20–22) is obtained
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with which the design of each of the arch’s voussoirs can be solved. Equation (20) results from the condition
that V1 − Vi � 0, and Eqs. (21) and (22) result from the conditions that η1 � 0 and ηi � 0, respectively.

E1 + I1
2

tb + I1 p1q1 − Ei + Ii

2
tb − Ii pi qi � 0 (20)

E1+I1
2 tb

(
t − t(2I1+E1)

3(I1+E1)

)
+ I1 p1q1

q1
2

E1+I1
2 tb + I1 p1q1

− t

2
� 0 (21)

Ei+Ii
2 tb

(
t − t(2Ii+Ei )

3(Ii+Ei )

)
+ Ii pi qi

qi
2

Ei+Ii
2 tb + Ii pi qi

− t

2
� 0 (22)

E1, I1, Eiand Ii with i � 2 ÷ n, p1, t and b are known parameters. q1 and pi andqi with i � 2 ÷ n are
unknown variables.

The unknown variables are isolated in Eqs. (23–25). To simplify, five auxiliary variables are introduced:
ρ, A, B, C and D, defined in Eqs. (26–30).

q1 � tρ± (23)

qi � 1

3
t
−4bEi − 2bIi + 6I1 p1ρ + 3b(E1 + I1)

2I1 p1ρ + b(E1 + I1 − Ei − Ii )
(24)

pi � 1

2Ii

A + B + C + D

2b(−2Ei − Ii ) + 6I1 p1ρ + 3b(E1 + I1)
(25)

ρ± � 1

6I1 p1

(
3I1 p1 ±

√
9I 21 p21 − 6I1 p1E1b + 6I 21 p1b

)
(26)

A � 12p1ρbI1(−Ii + E1 + I1) (27)

B � 12p1ρ I1(−bEi + I1 p1) + 2bE1 I1(3b − p1) (28)

C � 2bI 21 p1 + 3b2
(
E2
1 + I 21 + E2

i + I 2i
)

(29)

D � 6b2(−E1Ei − E1 Ii − I1Ei − I1 Ii + Ei Ii ) (30)

Note that for any value of p1, there are two distinct solutions for ρ in Eq. (26), depending on the sign of
the root. Consequently, there are two solutions to the problem. However, there exists a value of p1 such that
9I 21 p21 − 6I1 p1E1b + 6I 21 p1b � 0, and consequently ρ � 0.5. By isolating p1 in this expression, Eq. (31) is
obtained. Thus, the minimum value of p1 is established. This is due to the fact that below this value, Eq. (26)
would have no solution. Therefore, it is assumed that ρ � 0.5 and consequently p1 � p1,min.

p1,min � 2b(E1 − I1)

3I1
(31)

Figure 8 shows the elevation of six arches considering the same three catenary curves and the same two
arch thicknesses t as for the six arches in Fig. 4, but with the addition of prisms on the lateral faces, allowing the
centroidal axis (in red) to coincidewith the catenary curvewhere the centroids of the delimiting normal sections
are located. In this figure, the lines in the hatched area of each arch represent the prisms which are added to
the side faces of the voussoirs to place their centroids on the catenary curve. These prisms are perpendicular
to the catenary curve. The length of these lines corresponds to the dimension qi of these additional prisms. It
can be seen that this dimension increases from the keystone towards the arch’s springing. This increment is
more pronounced for arches with a higher H

/
L ratio.

Figure 9 illustrates how the dimensions of the additional prisms change across the length of the six arches
shown in Fig. 8. Note that as the dimension qi increases, the dimension pi decreases; therefore the shape of
the additional prisms varies along the arch, but all voussoirs have the same volume.
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Fig. 8 Elevation of six arches considering the same three catenary curves and the same two arch thicknesses t used for the six
arches in Fig. 4. The hatched area of each arch represents the additional prisms which are affixed to the sides of the voussoirs to
place their centroids on the catenary curve

2.5.2 Through additional prisms of constant dimensions and variable position affixed to the lateral faces
of the voussoirs

A second design can be considered inwhich the additional prisms have constant dimensions in all the voussoirs.
These dimensions correspond to those of the keystone voussoir, i.e. I1, p1 and q1, as determined in Eqs. (8),
(23) and (31), respectively. Then, a new parameter, ki, is defined as the distance between the intrados plane of
the trapezoidal voussoir and the centroid of the additional prisms attached to the side faces. The value of this
parameter for the keystone voussoir is k1 � q1

/
2. The value of ki varies across the length of the arch because

the additional prisms are progressively displaced in the normal direction from the intrados to the extrados
(Fig. 10).

The calculation of the value of ki is achieved through Eq. (32). This equation is analogous to Eq. (22),
incorporating the parameter ki. Isolating this parameter, Eq. (33) is obtained, which can be used to calculate
the value of ki in the remaining voussoirs of the arch, considering i � 2 ÷ n.

Ei+Ii
2 tb

(
t − t(2Ii+Ei )

3(Ii+Ei )

)
+ I1 pqki

Ei+Ii
2 tb + I1 pq

− t

2
� 0 (32)

ki � t

2
− (Ei − Ii )bt2

12I1 pq
(33)

Figure 11 illustrates the six arches from Figs. 4 and 8. In this case, the additional prisms on the side faces
of the voussoirs are identical, but their position is adjusted in the normal direction to ensure that the centroid of
each voussoir lies on the catenary curve. It is evident that the hatched area of each arch, where the additional
prisms are located, is smaller than in the designs of Fig. 7. Proceeding along the entire length of the arch from
the keystone to the springing, the additional prisms move from the intrados to a position almost centred on the
catenary curve.
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Fig. 9 Variation in the dimensions of the additional prisms across the length of the six arches in Fig. 8

2.5.3 Through additional prisms of variable dimensions affixed to the intrados and extrados faces
of the voussoirs

The lateral prisms of the two previous designs prevent the composition of catenary vaults by extruding the
arch profile along an axis perpendicular to the plane of the arch. For this reason, as an alternative to these
two designs, a third design can be proposed. This third design considers two triangular prisms attached to the
intrados and extrados faces of the voussoirs respectively. The position of the voussoir’s centroid is controlled
by varying the height pi and qi of the triangular prisms while keeping the volume constant (Fig. 12).

For the condition that η1 � 0, Eq. (34) has been defined, analogous to Eq. (21). By means of calculations,
the unknown dimension p1, corresponding to the height of the triangular prism added on the intrados face of
the keystone voussoir, was isolated in Eq. (35). In this voussoir, the volume of the intrados additional prism is
maximum, and the volume of the extrados additional prism is zero.

E1+I1
2 t

(
t(2I1+E1)
3(I1+E1)

)
+ I1 p1

2

(
t + p1

3

)

E1+I1
2 t + I1 p1

2

− t

2
� 0 (34)

p1 � t
(√

I1
√

I1 + 8E1 − 3I1
)

4I1
(35)
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Fig. 10 Three-dimensional representation of the trapezoidal voussoir with additional prisms on the lateral faces. These prisms
have constant dimensions and are displaced with respect to the plane of the intrados

Fig. 11 Elevation of six arches considering the same three catenary curves and the same two distinct arch thicknesses t used in
the six arches of Figs. 4 and 8. The hatched area represents the additional prisms attached to the lateral faces of the voussoirs
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Fig. 12 Three-dimensional representation of the trapezoidal voussoirwith additional triangular prismson the intrados and extrados
faces

Then, Eqs. (36) and (37) define the conditions that V1 − Vi � 0 and ηi � 0 respectively. Again, by means
of calculations, the unknown variables pi and qi are isolated in Eqs. (42) and (43). To simplify, some of their
terms were replaced by four new variables: A, B, C and D. These new variables are defined in Eqs. (38–41).

I1 p1
2

− Ei qi

2
− Ii pi

2
� 0 (36)

Ei+Ii
2 t

(
t(2Ii+Ei )
3(Ii+Ei )

)
+ Ei qi

2

(− qi
3

)
+ Ii pi

2

(
t + pi

3

)

Ei+Ii
2 t + Ei qi

2 + Ii pi
2

− t

2
� 0 (37)

A � I1 p1
2

(38)

B � Ei + Ii

2
t (39)

C � t(2Ii + Ei )

3(Ii + Ei )
(40)

D � 9I 2i E2
i t2 + 12I 2i Ei t A − 24Ii E2

i BC + 16Ii Ei A2+

+12Ii E2
i t A + 12Ii E2

i t B + 24I 2i Ei BC − 12I 2i Ei t B
(41)

pi � 3Ii Ei t + 4AIi − √
D

2
(−Ii Ei + I 2i

) (42)

qi � 2

Ei

(
A − Ii pi

2

)
(43)

Figure 13 shows the same six arches represented in Figs. 4, 8 and 11. In this case, the additional prisms are
located on the intrados and extrados faces of the voussoirs. Note that the height of the prisms on the intrados
decreases from the top to the base of the arches, whereas the height of the prisms on the extrados increases
from the top to the base. These additional prisms allow the centroid of each voussoir to be located on the
catenary curve, coinciding with the mid-axis line of the arch and the centroids of the normal sections.



R. Martín-Sáiz, B. Herrera

Fig. 13 Elevation of six arches considering the same three catenary curves and the same two distinct arch thicknesses t used in
the six arches of Figs. 4, 8 and 11. The hatched area represents the additional prisms affixed to the extrados and intrados faces of
the voussoirs

3 Results and discussion

The ratio σM
/

σN calculated in subSect. 2.3 expressed, in fact, the increase of the normal stresses σM due to the
bending moment at the keystone with respect to the normal stress considering only the axial force. Similarly,
a ratio σN , ad

/
σN can be calculated to express the increase of the normal stress σN,ad due to the increase of

the axial force caused by the weight of the additional prisms with respect to the normal stress σN of the same
arch without the additional prisms. These ratios have been represented in two graphics analogous to that in
Fig. 5b (Figs. 14a, b), for two locations of the additional prisms: lateral faces (a), and intrados and extrados
faces (b). As anticipated in subSect. 2.3, this comparison allows one to demonstrate that the structural penalty
introduced by the additional prisms in arches geometrically compatible with a bending-moment-free state is
smaller than the structural penalty due to the bending moment in the optimal state of a conventional catenary
arch.

A comparison of the three graphics (Figs. 5b, 14a, b) shows the following:

– The increase in the normal stress due to the bending moment (Fig. 5b) is greater than due to the weight
of the additional prisms in the catenary arches geometrically compatible with a bending-moment-free state
(Figs. 14a, b).

– The increase in the normal stress due to the weight of the additional prisms located on the lateral faces of
the voussoirs is greater than the same increase when the additional prisms are located on the intrados and
extrados faces.

Asmentioned in subSects. 1.3 and 2.2, the accuracy of the solution increaseswith the number n of voussoirs.
To quantify this accuracy, catenary arch with additional prisms on the intrados and extrados of the voussoirs is
considered (Fig. 15a, b). We define the distance δ1 between the catenary curve and the polygonal axis joining
the centroids of the normal sections (in blue color in Fig. 15c), and the distance δ2 between the catenary curve
and polygonal axis joining the centroids of the voussoirs (in red color in Fig. 15c). Furthermore, we considered
the eccentricity η between the catenary curve and the original centroidal axis (in red dot line in Fig. 15c).

If n >> 1, any local group of adjacent voussoirs subtends a sufficiently small arc of the catenary curve
that R can be considered uniform among them (Fig. 15c). Then, the distance δ1 from the catenary curve to
the polygonal axis joining the centroids of the normal cross-sections (in blue) can be calculated with Eq. (44)
as the difference between the radius of curvature R and the distance between the center of curvature and the
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Fig. 14 Ratio σN , ad
/

σN for six distinct slendernesses λ � L
/

t , depending on arch’s H
/

L ratio and on the location of the
additional prisms: lateral faces (a); intrados and extrados faces (b)

Fig. 15 Catenary arch with additional prisms on the intrados and extrados of the voussoirs (a); parameters of the voussoirs (b);
parameters for the accuracy quantification in a local group of voussoirs (c)
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midpoint of the side of this first polygonal axis, i.e., ε, with ε � s/ n where n is the number of voussoirs and s
is the total length s of the catenary curve calculated by Eq. (5).

δ1 � R −
√

R2 −
( s

2n

)2
(44)

Similarly, the distance δ2 from the catenary curve to the polygonal axis joining the centroids of the voussoirs
(in red) can be calculated as the difference between the radius of curvature R and the distance between the
center of curvature and the midpoint of the side of this second polygonal axis, which length is not ε � s/ n,

but s
√

R2 − ( s
2n

)2
/

n R.This has been expressed in Eq. (45).

δ2 � R −
√

R2 −
( s

2n

)2 −
(

R2 −
( s

2n

)2)( s

2n R

)2
(45)

The Eq. (45) has been simplified in Eq. (46) by factoring
(

R2 − ( s
2n

)2) inside the root.

δ2 � R −
√(

R2 −
( s

2n

)2)(
1 −

( s

2n R

)2)
(46)

Since δ2 > δ1, the condition for the minimum accuracy can be defined as δ2 ≤ η. This criterion ensures
that deviation δ2 in the location of the voussoir centroids is smaller than the eccentricity η that the method
intends to correct. Then, in Eq. (47) have been equated Eq. (1) and Eq. (46).

t2

12R
� R −

√(
R2 −

( s

2n

)2)(
1 −

( s

2n R

)2)
(47)

Finally, n has been isolated in Eq. (48), finding its minimum value, that is, nmin.

nmin � s
√
3

t
(48)

Considering the arch in Fig. 15a, with L � 20 m, H � 20 m, and t � 2 m, n � 51, and consequently
ε � 0.587 m, the resulting minimum number of voussoirs is nmin � 26, and consequently, the maximum
length of the voussoirs is εmax � 1.151 m. That is, in this case, the accuracy of the discrete method with
n � 51 is clearly sufficient. Indeed, since δ2 scales approximately with 1

/
n2 1/n2, a number of voussoirs only

about twice nmin already reduces δ2 to approximately η/4, well below the minimum accuracy threshold.
In Fig. 16, graphic statics has been used to verify that a thrust line (in red) exists that, with sufficient precision

guaranteed by n >> nmin, is indistinguishable from the axis joining centroids of the normal cross-sections of
the arch (in blue) of the previous example, describing a catenary curve. To this end, the loads have been applied
at the real volumetric centroids (in red) of the voussoirs, which, thanks to the proposed method, are aligned
with the centroids of the normal cross-sections and therefore with the catenary, with the same precision. This
demonstrates that the arch designed using the proposed method is geometrically compatible with a bending-
moment-free state, thus validating the design obtained through the closed-form expressions defined in Sect. 2.
Within the adopted framework, the existence of a single admissible thrust line coinciding with the catenary axis
is sufficient to establish that the arch is geometrically compatible with a bending-moment-free state, regardless
of which equilibrium state is actually realized.

Recent studies have explored form-finding, parametric design and 3D printing techniques in an integrated
design-to-fabrication process of arches and vaulted structures [42–45]. The use of 3D printing techniques in the
manufacture of the voussoirs would allow the additional prisms to be precisely reproduced as surface reliefs
on each voussoir. The size of the virtual voussoirs must be kept small to ensure high precision. However, in
3D printing, each manufactured voussoir could contain several virtual voussoirs. Thus, it would be possible to
adjust the size of the virtual voussoirs, and therefore of the additional prisms, to ensure high design precision
while remaining within the precision limits of the 3D printing technique.
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Fig. 16 Semi-catenary arch designed using the proposed method, with additional prisms on the intrados and extrados faces of
the voussoirs. The thrust line (in red) is verified by graphic statics to be indistinguishable from the axis joining the centroids of
the normal cross-sections (in blue), demonstrating that the arch is geometrically compatible with a bending-moment-free state

4 Conclusions

This paper has addressed the paradox of the bending-moment-free catenary arch, which can be stated as
follows: although a one-dimensional catenary arch subjected to its self-weight is simply compressed and
bending-moment-free, when this arch is three-dimensional and has a constant rectangular cross-section of
finite dimensions, the centroids of its voussoirs are not located on the catenary curve where the centroids of its
normal sections are located, but are displaced towards the extrados of the arch. This displacement, therefore,
prevents the arch from being geometrically compatible with a bending-moment-free state. Furthermore, it is
demonstrated that the impossibility of achieving a bending-moment-free state is not exclusive to voussoirs
with a rectangular normal cross-section, but extends to any voussoir with trapezoidal cross section. For any
function b(z) � mz+n > 0 with z � 0÷ t , the distance η between the centroid of the voussoir and the centroid
of the normal section is strictly positive, which rules out any continuous solution to the centroid eccentricity
problem.

Since the impossibility of a continuous solution extends to the entire family of trapezoidal cross-sections, as
a solution to this paradox, this paper presents amethod for designing a three-dimensional archwhose centroidal
axis coincides with the catenary curve resulting from joining the centroids of the arch’s normal sections. This
ensures that the catenary arch is geometrically compatible with a simply compressed, bending-moment-free
state. The proposed method is based on the discretisation of the arch into small trapezoidal prismatic voussoirs
of constant rectangular cross-section. Initially, an eccentricity exists between the axis joining the centroids of
the voussoirs and the axis joining the centroids of the normal sections. However, by adding prismatic volumes
to the lateral surfaces of each voussoir, the centroid of each voussoir can be repositioned onto the catenary
curve without altering the shape or position of the centroids of the normal sections. Three alternative designs
for the voussoir geometry have been developed and analysed. In addition, application examples have been
presented taking into account different catenary curves. Based on these examples, graphs have been produced
to illustrate how the shape of the voussoirs changes across the length of the arch. Furthermore, a closed-form
expression for the minimum number of voussoirs is derived, which ensures that the deviation in the location
of the voussoir centroids is smaller than the eccentricity η that the method aims to correct. A representative
example is presented in which the method is applied using a number of voussoirs n > >nmin, confirming
that the precision of the discrete method is more than sufficient for practical purposes. Finally, the design
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obtained is verified by graphic statics, confirming that a thrust line passing through the centroids of the normal
cross-sections exists, and thus that the arch designed using the proposed method is geometrically compatible
with a bending-moment-free state. Future work could explore the application of this discrete method to other
funicular arches with different load distribution patterns, such as those used in deck-arch bridges [46, 47].

This method is expected to contribute to the improvement of the design of funicular arches, by correcting
the eccentricity between the centroidal axis and the axis joining the centroids of the normal cross-sections.
The problem is formulated as a geometric optimization of the voussoir shape, offering a closed-form analytical
solution that avoids the need for iterative numerical optimization algorithms. The demonstration of the impos-
sibility of a continuous solution for both rectangular and trapezoidal cross-sections reinforces the relevance of
this discrete approach as a viable means of solving the problem.
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